MARUDHAR KESARI JAIN COLLEGE FOR WOMEN (AUTONOMOUYS)
VANIYAMBADI
PG and Department of Mathematics

Il M.Sc Mathematics — Semester - 111

E-Notes (Study Material)

Core Course : Topology  Code: 23PMA33

UNIT-V: Countability and Separation Axiom: The Countability Axioms — The separation
Axioms — Normal spaces — The Urysohn Lemma — The Urysohnmetrization Theorem — The

Tietz extension theorem.

Learning Objectives: To study Countability and Separation Axiom: The Countability Axioms —
The separation Axioms — Normal spaces — The Urysohn Lemma — The Urysohnmetrization

Theorem — The Tietz extension theorem.

Course Outcome: Understanding first and second countability, which help in defining
sequences and bases in topology. Learning different levels of separation (TO, T1, T2, etc.) to
distinguish points and sets in a space. Exploring spaces where disjoint closed sets can be
separated by disjoint open sets. Understanding how a continuous function can separate closed
sets in a normal space. Studying conditions under which a topological space can be given a
metric. Learning how a continuous function defined on a closed subset can extend to the whole

space.

Overview:

Countability Axioms — These define conditions for a space to have a countable base (first and
second countability).

Separation Axioms — These describe how well a space separates points and sets (TO, T1, T2,
etc.).

Normal Spaces — Spaces where two disjoint closed sets can be separated by disjoint open sets.

Urysohn Lemma — States that in a normal space, a continuous function can separate two
closed sets.

Urysohn Metrization Theorem — Provides conditions under which a topological space can be
turned into a metric space.

Tietze Extension Theorem — Ensures that a continuous function defined on a closed subset
can extend to the whole space.

These concepts help classify spaces and understand their properties in topology.
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Additional Resource :

http://mathforum.org

http://ocw.mit.edu/ocwweb/Mathematics

http://www.opensource.org

http://en.wikipedia.org

Practice Questions:

Question Bank
Section - A

1.Define Countability axiom
2.Define First countablity axion
3.Define Second countability axioms
4.Define Regular.

5.Define normal Space.

6.State Urysohn Lemma.

7.Define completely regular.

8.State Imbedding theorem

9.State urysohn metrization theorem

10.State Tietze extension theorem.

Section — B

1.P.T asubspace of a regular space is regular ; a product of regular spaces is regular.

2.Let X be a topological space.Let one-point sets in X be closed .Prove that X is regular if and
only if given a point x of X and a neighbourhood U of x ,there is A neighbourhood
V of x suchthatV c U

3.Prove that a subspace of a completely regular space is completely regular.

4.Prove that every compact Hausdorff space is normal

5.Prove that a subspace of a Hausdorff space is Hausdorff and a product of Hausdorff space is
Hausdorff.

6.State the second countability axiom. Prove that it is well behaved with respect to the operations
of taking subspaces or countable product.

7.Prove that every metrizable space is normal.



http://mathforum.org/
http://ocw.mit.edu/ocwweb/Mathematics
http://www.opensource.org/
http://en.wikipedia.org/

8.Show that a closed subspace of normal space is normal.
9.Suppose that X has a countable basis.Then;
(a) every open covering of X contains a countable subcollection covering X
(b) There exists a countable subset of X that is dense in X
10.Define Lindelof space and prove that the product of two Lindelof spaces need not be Lindelof.
11.P.T a subspace of a Lindelof space need not be Lindelof
12.P.T if X is normal if and only if given a closed set A and an open set U
Containing A, there is an open set V containing A such that V c U
13. Prove that the space R, is Hausdorff but not regular.
14.P.T every well-ordered set X is normal in the order topology.

Section - C
1.P.T every regular space with a countable basis is normal

2.State and prove Urysohn lemma.
3.State and Prove Urysohn metrization theorem
4.State and Prove Imdedding theorem.
5.State and prove Tietze extension theorem.
6.Prove that the following
(a) A subspace of a first countable space is first countable
(b) Countable product of first —countable spaces is first countable.
(c) A Subspace of a second countable space is second countable and a product
of second countable spaces is scond countable.
7.Let X be a topological space,
(a) Let Abe asubset of X.If there is a sequence of points of A converging to X,
Then x € A , The converse holds if X is first countable.
(b) Let f;X = Y if f is continuous,then for every convergent sequence x, — x in X, the

sequence f(x,) converges to f(x).The converse holds if X is first countable.

Recommended Text : James R. Munkres, Topology (2nd Edition) Pearson Education Pve. Ltd.,
Delhi-2002 (Third Indian Reprint)




