MARUDHAR KESARI JAIN COLLEGE FOR WOMEN (AUTONOMOUYS)
VANIYAMBADI
PG and Department of Mathematics

Il M.Sc Mathematics — Semester - 111

E-Notes (Study Material)

Core Course : Topology  Code: 23PMA33

UNIT-11: Continuous functions: Continuous functions — the product topology — The metric

topology.

Learning Objectives: To study Continuous functions: Continuous functions — the product

topology — The metric topology.

Course Outcome: Understand continuity. Analyze and apply the topological concepts in

Functional Analysis

Overview:

1. Continuous Functions:
A function between two topological spaces is continuous if small changes in the input
result in small changes in the output. In simple terms, the function doesn't “jump" or
have any breaks.

2. Product Topology:
The product topology helps define a topology on the product of two spaces. A function
is continuous if it behaves continuously with respect to the topologies of the individual
spaces in the product.

3. Metric Topology:
The metric topology is a way of defining a topology using a distance function (called a
metric). It tells us how close or far apart points are, and a function is continuous if small

changes in the input lead to small changes in the output based on this distance.

This unit explains how to understand and work with continuous functions in different types

of topological spaces.
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Additional Resource :

http://mathforum.org

http://ocw.mit.edu/ocwweb/Mathematics

http://www.opensource.org

http://en.wikipedia.org

Practice Questions:
Question Bank

Section — A

1.Define Continuous function
2.Define homeomorphism
3.Define topological imbedding
4.State Pasting Lemma.
5.Define J Tuple.

6.Define product space.
7.Define Matric topology.
8.Define metric space.

9.State Sequence lemma
10.Define Converges uniformly.
11.Define Uniform limit Theorem.

Section — B

1.State and prove Pasting Lemma

2.Letf:X - Y ;let Xand Y be metrizable with metrics d,, and d,, respectively, then prove that
the Continuity of f is equivalent to the requirement that given x € X and given €> 0 ,there

exits § > 0 Such that d,.(x,y) = d,,(f (x), f(¥)) <€

3.The uniform topology on R’ is finer than the product topology and coarser set the box
topology; There three topologies are all different if 7 is infinite.

4.Let {X,} baanindexed family of space;let A, c X, for each a .If X, is given either the

product on the box topology, Prove that 4, =4,

5.State and prove the Sequence lemma.



http://mathforum.org/
http://ocw.mit.edu/ocwweb/Mathematics
http://www.opensource.org/
http://en.wikipedia.org/

6.1f X is a topological space and if f, g: X = R are continuous functions, prove that
f+gf—g and f.g are continuous and if g(x) # 0 forall x . Provethat f/g is

continuous

7.Define box topology and product topology. Explain how does the product topology differ from
The box topology.

8.Let X and Y be topological spaces. Prove that the map f is continuous if X can be written as
the union of open set U, such that f /U, is continuous for each a

9.Let f,: X = Y be a sequence of continuous functions from the topological space X to the metric

Space Y. If f, converges uniformly to f , prove that f is continuous.
9. Let f:A > X XY be given by the equation f(a) = (f;(a), f>(a)), Prove that f is continuous

if and only if the functions f;: A - X and f,: A » Y are continuous.

Section —C

1.Let X and Y be topological spaces, let f:X — Y, Then prove that the following are equivalent
(@) f is continuous
(b) For every subset A of X .one has f(4) c f(4)
(c) For every closed set B of Y ,the set f ~1(B) is closed in X
(d)For each x € X and neighbourhood V' of f(x) there is a neighbor hood U of x
such that f(U) c V

2. Prove that The topologies on R™ induced by the Euclidean metric d and the square metric p
are the same as the Product topology on R"™

3.State and prove pasting lemma.

4.letf:A—- X xY begiven by the equation f(a) = (f;(a), fz(a)) ,Prove that f is continuous

if and only if the coordinate functions of f are continuous.




5.Let X,Y be two topological spaces,P.T f: X — Y is continuous,if and only if the inverse

image of Every closed set is closed.

6.Let d(a, b) = min{|a — b|,1} be the standard bounded metric on R,if ¥ and ¥ are two points
of RY Define (x,y ) =sup {w } P.T D is a metric that induces the product topology on

RW

Recommended Text : James R. Munkres, Topology (2nd Edition) Pearson Education Pve. Ltd.,
Delhi-2002 (Third Indian Reprint)




