MARUDHAR KESARI JAIN COLLEGE FOR WOMEN (AUTONOMOUYS)
VANIYAMBADI
PG and Department of Mathematics

Il M.Sc Mathematics — Semester - 111

E-Notes (Study Material)

Core Course : Topology  Code: 23PMA33

UNIT-I : Topological spaces : Topological spaces — Basis for a topology — The order topology —
The product topology on X x Y — The subspace topology — Closed sets and limit points.

Learning Objectives: To study Topological spaces , Basis for a topology, The order topology ,
The product topology on X x Y, The subspace topology , Closed sets and limit points.

Course Outcome: Define and illustrate the concept of topological spaces and the basic
definitions of open sets, neighbourhood, interior, exterior, closure and their axioms for defining

topological space.

Overview:

Topological Spaces:
A topological space is a set with a structure that tells us which subsets are "open.” This helps

define concepts like continuity and limits.

Basis for a Topology:
A basis is a set of "building blocks™ that we use to create a topology. The open sets in the

topology are unions of these basis sets.

Order Topology:
The order topology is a way to make a totally ordered set (like the real numbers) into a

topological space, using intervals based on the order of the elements.

Product Topology:
The product topology is used to create a topology on the product of two spaces, like XxYX

\times YXxY, by combining open sets from each space.

Subspace Topology:
The subspace topology is the topology on a subset of a space, created by looking at the open

sets of the larger space and intersecting them with the subset.




Closed Sets and Limit Points:
A closed set is one where its complement is open. A limit point is a point where every

neighborhood around it contains points from a given set (other than the point itself).

This unit gives the basic tools to work with and understand topological spaces.
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Additional Resource :

http://mathforum.org

http://ocw.mit.edu/ocwweb/Mathematics

http://www.opensource.org

http://en.wikipedia.org

Practice Questions:
Question Bank

Section - A

1.Define Topology.

2.Define finer.

3.Define Basis.

4.Define Standard Topology.
5.Define k Topology.
6.Define Order Topology.
7.Dfine Rays.

8.Define Product Toplogy.
9. What is Projections?
10.Define Subspace topology.
11.Define limit points.
12Define Hausdorff Space.

Section - B

1. 1.IfBand B  are basis for the topologies T and T respectively on a set ,then show that

the following are equivalent

(i) T’ is finer than T

(i) For each x € X and each bais elt B € 28 containing x, there is a B' € B’ such that
xeB' c B
Define subspace topology for a subset Y of X .If Y is aubspace of X then S.T aset Ais
closed inY if and only if it equals the intersection of a closed set of X with Y
If B is a basis for the topology of X,P.T the collection By = {B NY /€ Blis a basis for
the subspace topology on Y
Prove that every simply ordered set is a Hausdroff space in the order topology
Let X be a set,let B be a basis for a topology 7 on X.P.T T equals the collection of all
union of elements of ¢
Let A be a subset of the topological space X,let A" be the set of all limit points of A.P.T
A=AUA
Define standard topology and lower limit topology.P.T the lower limit topology is finer
than the standard topology
Define open rays in the ordered set A.Show that the collection of open rays in an ordered
set Ais a subbasis for the ordered topology on A



http://mathforum.org/
http://ocw.mit.edu/ocwweb/Mathematics
http://www.opensource.org/
http://en.wikipedia.org/

10.
11.
12.
13.
14.

15.
16.

Show that the collection s = {m;* (U)/Uis openinX}u w1V /Vis openY}
is a subbasis for the product topology on X XY

Define a basis for a topology on a set X.

Define product topology on X X Y, where X & Y are topological spaces

If B is a basis for the topology on X and C is a basis for the topology of Y.P.T the
collection D = {B x C/B € B and Ce C} is a basis for the topology of X XY

If Alis a subspace of X and B is a subspace of Y, Prove that the product topology on A x
B is the same as the topology A X B inherits as a subspace of X x Y

Let Y be a subspace of X; let A be a subset of Y ;let A denote the closure of A in X,prove
that the closure of AinYequals A NnY

Define Haussdorff space, Prove that every finite point set in a Haussdorff space is closed.
Define Subspace topology, verify that it is a topology

Section - C

1

.Let A be a subset of the topological space X, then prove thatx € A ifand only if every

open set U Containing x intersects A Supposing the topology of X is given by a

basis,then x € A if and only basis element B Containing x  intersects A

2.a) Let Y be a subspace of X. Prove that a set A is closed in Y if and only if it equals the

intersection of a closed set of X withY

b) let A be a subset of Y ;let A denote the closure of A in X,prove that the closure of Ain'Y

equals A NY

3.Let X be a topological space, P.T the following conditions hold

a) @ and X are closed

b) Arbitrary intersection of closed sets are closed

c) Finite union of closed sets are closed.

Recommended Text : James R. Munkres, Topology (2nd Edition) Pearson Education Pve. Ltd.,
Delhi-2002 (Third Indian Reprint)




